and (2) in a ring R implies the existence of an R-module with bases of lengths m and n, namely the module of all m-tuples. This module has, of course, the rows of I , as a basis, but also has as an alternative basis the rows of A. This is clear, since from (2) each row of I, is a linear combination of the rows of A , while from (I), XA = 0 implies XIn = X = 0, so the rows of A are independent. Now any homomorphism of R preserves the relations (1) and (2), and so any nonzero homomorphic image of R also admits a module with bases of lengths m and n. But if we apply Zorn's lemma in the usual way (relative to ideals not containing the unit, partially ordered by set inclusion) we obtain a maximal ideal I of R. Since R/I is a field, its modules are vector spaces 'all of whose bases are of the same length. Thus since R / I is a homomorphic image of R, we must conclude that m = n.
